This paper describes the torque and power factor characteristics of SynRMs (synchronous reluctance motors) considering their magnetic energy and co-energy properties. Since the inductance of SynRM varies drastically due to the magnetic saturation effect, it is not easy for us to understand their characteristics, MTPA (maximum torque per ampere) points, and maximum power factor points, quantitatively applying the frame based on equivalent circuit models. In this study, we focused on the fact that the model constructed by the magnetic energy and co-energy gives more simple expressions to the torque and power factor compared to the equivalent circuit model. A SynRM that consists of a stator, same as a benchmark model (D-model) provided by IEEJ, and a rotor with three layer flux-barrier was simulated by the electromagnetic field analysis, and its magnetic energy and co-energy were calculated. As a result, three states (I, II and III) were defined depending on degrees of the magnetic saturation level. Then, the output torque per square ampere becomes maximum on a boundary region between state II and III. Further, the current phase of the MTPA point moves to the leading phase side with increasing the current magnitude on state III and the phase of the maximum power factor point is larger than that of the MTPA point. It was clarified that the model constructed by the magnetic energy and co-energy are suitable for discussions on the SynRM characteristics taking account of the magnetic saturation.
Introduction
Since motors are responsible for a large portion of the electricity consumption in Japan, improving motor efficiency is an important step towards solving energy and environmental problems. Synchronous reluctance motors (SynRMs) have been receiving a large amount of attention in recent years (1) - (3) . In SynRMs, torque is generated by the magnetic attraction that arises due to the interaction between the magnetic saliency of the rotor and the magnetomotive force of the armature windings. Since the motor rotates at the synchronous speed without secondary copper losses, unlike in induction motors (IMs), SynRMs are more efficient than IMs (4) (5) . In addition, the rotor is composed only of electric steel sheets, and do not require permanent magnets, which permanent magnet synchronous motors (PMSMs) have. The permanent magnets used in PMSMs often include heavy rare earth materials, which are scarce resources. This makes it difficult to reduce the cost of these types of motors. Researchers have been investigating methods to compensate the decrease in magnet torque by using reluctance torque in motors with cheap permanent magnets (6) (7) . Therefore, SynRMs will be applicable in a wide range of industrial fields.
In cases in which SynRMs are driven by an inverter power a) Correspondence to: Katsutoku Takeuchi. E-mail: katsutoku. takeuchi@toshiba.co.jp * Infrastructure Systems R&D Center, Toshiba Infrastructure Systems & Solutions Corporation 1, Toshiba-cho, Fuchu-shi, Tokyo 183-8511, Japan supply, supplied current and voltage are limited due to the output capacity of the inverter. At the low-speed operation, the motor output is mainly limited by the current capacity. Thus, it is necessary to control the motor at the maximum torque per ampere (MTPA) operating point at which the torque per unit current is maximized. On the other hand, at the high-speed operation, since the current and the voltage are both limited, the output power increases as the power factor of the motor increases. Therefore, in order to obtain maximum output power over all operating speed regions of a motor drive system, it is necessary to understand what characteristics of the MTPA and maximum power factor operating point the SynRM has. The operating principles of SynRMs have been known for a long time. Researchers have performed a variety of investigations for SynRMs using their equivalent circuits composed of inductance and resistance. In cases in which it is possible to assume that the inductance is constant, it is relatively simple to analyze the SynRM properties such as torque and power factor (8) . However, in reality, the inductance is not constant due to magnetic saturation. In addition, the properties are affected drastically by the variation in the inductance compared to that in IMs and PMSMs, since the torque derives from the saliency of the rotor magnetic circuit alone. Therefore, in order to investigate the motor properties in detail, the inductance has to be treated as a function of the current (9) - (12) . In this case, it is well-known that the inductance exhibits complecated property due to the mutual interference between the dq-axes. Moreover, since the torque and power c 2019 The Institute of Electrical Engineers of Japan.
factor are described by complecated equations that combines the inductance and a current vector represented by the amplitude and phase (refer to Equation (6)), it is not simple to conduct a qualitative analysis on the characteristics of the MTPA and the maximum power factor operating point.
In this paper, we focus on simple equations representing the SynRMs torque and power factor by introducing magnetic energy and co-energy, and show that it is possible to conduct a qualitative analysis on the characteristics of the MTPA and maximum power factor operating point considering magnetic saturation. First, in Chapter 2, representation of the torque and power factor by using magnetic energy and co-energy is derived. Next, in Chapter 3, the magnetic energy and co-energy of a SynRM are calculated numerically using magnetic field analysis, and the characteristics of these quantities are evaluated. Finally in Chapter 4, the characteristics of the MTPA and maximum power factor operating point are studied qualitatively based on the results.
Representation of Torque and Power Factor using Magnetic Energy and Magnetic Coenergy
In this chapter, it is explained that more simple representation of the torque and power factor of a SynRM can be derived using magnetic energy and co-energy compared to the traditional representation derived from the equivalent circuit.
Traditional Representation using the Equivalent Circuit
A two-pole SynRM as shown in Fig. 1 that has a stator with a three-phase armature winding and a rotor with saliency is introduced for following consideration. The number of pole is supposed two in order to simplify the analysis, whereas it is possible to expand the following analysis to an arbitrary number of poles without a lack of generality. Furthermore, the fundamental component of spatial harmonics of the magnetic flux and magnetomotive force are focused on, and the effect of the higher spatial harmonics is ignored. Whereas angles and phases are expressed in units of radians on this paper in general, the axes for the graphs in the figures are expressed in units of degrees in order to make them easier to understand.
First, let us consider that the angle θ (rad) of the rotor is set to 0 as shown in Fig. 1(a) . The magnetomotive force generated by the u-phase current is perpendicular to the direction of the rotor saliency. In the figure, the static xy coordinate system in which the x-axis is defined as the direction along the magnetomotive force of the u-phase and the y-axis is defined as the direction that leads 90 degrees counter-clockwise to the x-axis. Next, we consider the case in which the rotor rotated by an arbitrary angle θ (rad), as shown in Fig. 1(b) . PMSMs, in which the direction of the magnetic salient poles and the magnetomotive force of the permanent magnet are electrically perpendicular on the rotor, are widely used. In these motors, dq coordinate system are often defined as that d-axis aligns with the magnetomotive force of the permanent magnet, and q-axis aligns the magnetic saliency. Therefore, in this paper, the direction in which it is easy for the magnetic flux to flow is defined as the q-axis, and the direction in which it is difficult for the magnetic flux to flow is defined as the d-axis. In other words, the dq coordinate system is defined as the coordinate system that aligns with the xy coordinate system when it is rotated by an angle of θ. the currents i u , i v , and i w (A) that flow through each phase of the armature windings are represented using the amplitude I (A) and the phase λ (rad).
Based on the relative position of each windings, the dq transform can be represented as shown in Equation (2) .
i d and i q are the d-axis component (A) and the q-axis component (A) of the armature current. Substituting Equation (1) into Equation (2), the following equation is obtained.
Note that the current phase angle is set to β = λ − θ (rad). The d-axis component ϕ d (Wb) and the q-axis component ϕ q (Wb) of the magnetic flux that arises due to the armature current are shown as follows.
Note that the amplitude is defined as √ 3/2Φ (Wb) and the phase (load angle) is δ (rad) in dq-coordinate. Since the motor is assumed to have no higher spatial harmonics due to SynRMs Based on Their Magnetic Energy Properties Katsutoku Takeuchi et al. 
. Applying the inverse transform, the magnetic flux linkages ϕ u , ϕ v , and ϕ w (Wb) of each winding are calculated as follows.
The 
Note that p represents the number of poles. As shown above, the equations for T and ε are complecated. Thus, it is not simple to conduct a qualitative analysis on the characteristics of the MTPA and maximum power factor operating point since the properties of L d and L q change with respect to I and β caused by the magnetic saturation.
Proposed Representation using Magnetic Energy and Magnetic Co-energy
Let us consider the magnetic energy U (J) stored in the SynRM magnetic circuit. It is assumed that I is increased from 0 to I 0 with holding θ constant while time t(s) changes from 0 to t 0 . Then ϕ u , ϕ v , ϕ w changes from 0 to ϕ u0 , ϕ v0 , ϕ w0 , respectively. Since θ is held constant, the torque does not perform external work. Therefore, the work that is performed by the power source opposite to the inductance voltage is equivalent to the magnetic energy stored in the motor.
Representing this equation in differential form yields the following equation.
where, the inner product is preserved because Equation (2) is a unitary transform. The magnetic co-energy U † (J) can be calculated similarly. Summarizing each quantity yields the following.
Sum of these quantities yields the following equation.
Integrating both sides yields the following result.
Since SynRMs have no magnetomotive source except the armature windings, U = U † = 0 for I = 0 and the constant of integration is 0. In the case of PMSMs, it should be noted that the integration constant is not 0 due to the magnetizing current of the permanent magnet. Transforming Equation (9) using Equation (3) and Equation (4) yields the following.
Using these partial derivatives, the following equation can be obtained.
Using Equation (11) and Equation (13), the following equation for the instantaneous active power P (W) is obtained.
The reactive power Q (var) is defined for stationary single frequency sinusoidal voltage and current. Therefore, Q can be calculated as the following equation for steady-state operation with neglecting the time-derivative term.
Positive reactive power represents the leading power factor, in which the current phase is ahead of the voltage phase. Considering steady-state operation for the active power as well, the following equation can be obtained.
The equation show that the power factor is always lagging in SynRMs, since Q ≤ 0 due to U and U † are nonnegative. P and Q of a SynRM at steady-state can be simply represented as a first-order equation of U and U † . Based on these results, T and ε can be calculated as shown in the following equation.
In order to simplify the following discussion, u(H) and u † (H) are introduced as follows.
Substituting these equations into Equation (16) gives the following.
Since these equations are more simple compared to Equation (6), it is easy to evaluate the characteristics of T and ε if the characteristics of u and u † are given. In addition, since Equation (19) does not include ω, T and ε do not depend on the rotational speed. In reality, ε changes slightly due to armature copper losses, iron losses, and stray losses, whereas the effect is small, except for during low-speed operation. Therefore, these equations are valid for considering the characteristics of SynRMs, even though these losses are omitted.
Characteristics of Magnetic Energy and Magnetic Co-energy of SynRM
In this chapter, the magnetic energy and co-energy of a SynRM as a model case are calculated numerically using magnetic field analysis, and the characteristics of these quantities are investigated while the amplitude and phase of the current are varied.
Specifications and Basic Characteristics of SynRM
The SynRM for our investigation is shown in Fig. 3 . The stator of this motor is identical to the D model (16) provided by the Institute of Electrical Engineers of Japan as the PMSM benchmark model. Specifications for the stator are shown in Table 1 . Various type of rotors have been proposed for SynRM in prior research (10) whereas the multi-flux barrier type is introduced for this investigation. The rotor equips 3 layers of flux barriers per pole. In addition, the area of the flux barrier region within the rotor cross-section is set to approximately 1/3 of the total cross-sectional area of the rotor (2) (4) (10) (11) . In order to perform the magnetic field analysis, the JMAG is used, which is electromagnetic field analysis software package from JSOL. The SynRM is modeled in two dimensions. The magnetic characteristics of the iron core for the stator and rotor are shown in Fig. 4 . The relative permeability of the other regions is set to 1. u and u † are calculated from the following equation using the magnetic flux density B (T) and the magnetic field H (A/m) at an arbitrary point obtained through magnetic field analysis. Table 1 . Design parameters of the stator; which refers to a technical report published by IEEJ (16) 
The volume integral is performed over the entire analysis region V, including the air region outside the motor. The analysis is performed while setting ω = 2π × 50, and the average value is used for the discussion when the rotor position changes 0 to π in an electrical angle. In order to evaluate the basic characteristics of the SynRM, magnetic field analysis is performed for varying β while I is held constant, and the MTPA operating point phase β P at which T is maximized is searched. The characteristics of β P with respect to I are shown in Fig. 5 . β P changes drastically and non-monotonically depending on the value of I. In Section 3.2 and 4.1, the reason that the value exhibits such complecated behavior is studied by analyzing u and u † . The analysis is performed on β = β P (I) while varying I in the range of 0 ≤ I ≤ 19. (16) . The rated torque of the D model PMSM is 1.8 Nm (16) . In the SynRM, the maximum torque is 1.8 Nm for I = 7.3 (= 5.1 A rms ) and the line voltage is 65.1 V rms . The magnetic flux density distribution of this operational point is shown in Fig. 7(a) . The maximum value of the magnetic flux density in the teeth is approximately 1.6 T. At the operating point, magnetic saturation begins to occur, as shown in the behavior of B in Fig. 6 . The magnetic flux density distribution for I = 19.8 is shown in Fig. 7(b) . The magnetic flux density exceeds 2 T on the teeth, and a large amount of magnetic saturation occurs. From these results, operating points for practical usage are assumed to be contained within the range 0 ≤ I ≤ 19.8.
The results for u and u † obtained from the analysis results for I = 7.3 are shown in Fig. 8(a) . T and ε calculated by substituting u and u † into Equation (19) are shown in (b). In order to evaluate the validity of Equation (19), the value of T and ε derived from the other calculation method are plotted on the figure as well. T is calculated using the nodal force method and ε is calculated from the phase difference between the fundamental component of the current and voltage. Note that the voltage drop due to the armature resistance is not included. The values calculated using Equation (19) and obtained through the other calculation methods agree as well. This result confirms that the theoretical analysis in Chapter 2 is correct. In order to obtain ∂u † /∂β, the magnetic field analysis is performed for two points at which β is shifted by ±π/360 with respect to each operating point and difference of their results is utilized. Figure 9 shows the characteristics of u(I, β) for constant I and variable β. Figure 9 (a) shows the case within the range 0.014 ≤ I ≤ 1.4, and Fig. 9(b) shows the case within the range 1.4 ≤ I ≤ 19.8. The slope of the curves change greatly depending on the value of I and the difference between u(I, 0) and u(I, π/2) varies greatly as well. These behaviors can be classified into the following three states:
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Characteristics of Magnetic Energy and Magnetic Co-energy
• State I: with sufficiently small I The difference between u(I, 0) and u(I, π/2) is small • State II: with middle I u(I, 0) stays almost constant with respect to I. However, since u(I, π/2) decreases as I increases, the difference between u(I, 0) and u(I, π/2) increases.
• State III: with sufficiently large I u(I, 0) becomes decreasing as I increases. On the other hand, the decreasing rate of u(I, π/2) becomes smaller, and the difference between u(I, 0) and u(I, π/2) decreases again. Figure 10 shows the characteristics of u † (I, β) for constant I and variable β. Similar to the analysis for u, the behavior of u † can also be classified into three states. The difference between u(I, 0) and u(I, π/2), or the difference between u † (I, 0) and u † (I, π/2) represent the saliency that is equivalent to the difference on the magnetic characteristics between the q-axis and the d-axis. Therefore, the saliency varies drastically depending on the operating point.
The inflection points in Fig. 10 , the locations of the points plotted on each curve, are equivalent to the MTPA operating points β P since T is proportional to ∂u † /∂β as shown in Equation (19). In other words, β P is an important quantity representing the characteristics of the SynRM and is closely related to the three states. Here, let us focus on the change in β P so that these states can be distinguished more clearly. The curve in Fig. 5 has two convex points: it is convex upwards at I = 0.57, and convex downwards at I = 5.7. These convex points can be accounted to correspond to the boundaries that separate the three states described earlier. I = 0.57 is called as boundary X between state I and II, and I = 5.7 as boundary Y between state II and III. In this discussion, in order to clarify the boundaries, boundary X and Y are defined quantitatively using the convex points on the curve of β P . However, since the transition between states I, II, and III is continuous, it is not possible to choose a unique boundary in nature. Therefore, these boundaries should be considered as a qualitative indicator.
Discussion
First, let us consider reasons for why the behaviors are different on each states which divided by boundary X and Y. Figure 11 shows the characteristics of u(I, β) and u † (I, β) with respect to I when β is fixed to 0 where magnetomotive force is applied on the positive q-axis direction, or π/2 where magnetomotive force is applied in the negative d-axis direction. Figure 11(a) shows the range 0 ≤ I ≤ 19.8, and Fig. 11(b) shows a magnified view of the range 0 ≤ I ≤ 2.
As shown in Fig. 11(a) , boundary Y represents the point at which the difference between u(I, 0) and u † (I, 0) begins to increase when I is increased gradually. Since u(I, 0) and u † (I, 0) relates to the characteristics for β = 0, boundary Y can be accounted to indicate the state change that appears in the q-axis magnetic circuit. Similarly, in Fig. 11(b boundary X represents the point at which the difference between u(I, π/2) and u † (I, π/2) begins to increase. In other words, boundary X can be accounted to indicate the state change that appears in the d-axis magnetic circuit.
Next, let us consider the reasons for the appearance of the difference between u and u † . While β = 0, the magnetic flux flows completely along the positive q-axis direction, and δ = π/2 according to the definition of δ as shown in Fig. 1 . The situation is similar for β = π/2 at which the magnetic flux flows along negative d-axis direction, and δ = π. In other words, while β is fixed along the q-axis or d-axis direction, δ does not change even if I is varied. In these cases, dβ = dδ = 0, and Equation (12) can be simplified to Equation (21).
Based on Equation (21), the areas of the two regions separated by the curve that represents the characteristics of Φ with respect to I correspond to U and U † respectively as shown in Fig. 12 . This is the particular case only arising for β = 0 or π/2. At the operating point shown in Fig. 12(a) , there is no large difference between U and U † since magnetic saturation does not occur. On the other hand, at the operating point shown in Fig. 12(b) , U > U † , which shows a difference caused by the magnetic saturation. This characteristics holds for u and u † as well. Considering these characteristics, it can be accounted that boundary X represents the operating point at which magnetic saturation begins to occur in the d-axis magnetic circuit when I is increased. Similarly, it can be accounted that boundary Y represents the operating point at which magnetic saturation begins to occur in the q-axis magnetic circuit. Figure 13 shows the magnetic flux density distribution in the bridge for I = 0.57 and β = π/2. Even at small current such as I = 0.57, large magnetic flux density arises. The magnetic path formed by the bridge is perpendicular to the flux barrier and functions as a supplementary magnetic path for the d-axis. Since the bridge is narrow, magnetic saturation occurs even with small currents, and boundary X (I = 0.57) is reached. As the bridge is made narrower, the value of I at which magnetic saturation occurs decreases, and boundary X approaches I = 0.
In the following, the magnetic paths of the main magnetic flux, such as the stator teeth and yoke, and the rotor yoke, are called main magnetic paths. Figure 14(a) shows the magnetic flux density distribution in the bridge for I = 5.7 and β = 0. In this case, the magnetic flux density of the main magnetic paths become large. In the region beyond boundary Y (I = 5.7), magnetic saturation occurs in the main magnetic paths that composes the q-axis magnetic circuit. Fig. 14(b) shows the magnetic flux density distribution for I = 5.7 and β = π/2. Whereas the amount of current is the same, the magnetic flux density in the main magnetic paths is lower while the magnetomotive force is applied along the d-axis direction. Since the magnetic resistance of the flux barrier is sufficiently large, magnetic saturation in the d-axis magnetic path does not occur even beyond boundary Y.
The classifications depending on the magnetic saturation considered above is summarized in Table 2 . The characteristics of SynRM can be divided into three states by the boundary X and Y. The bridge becomes saturate with the current exceeding the boundary X, and the main magnetic paths becomes saturate with the current exceeding the boundary Y. In each state, magnetic energy and co-energy show different SynRMs Based on Their Magnetic Energy Properties Katsutoku Takeuchi et al. 
Discussions Regarding Characteristics of
Torque and Power Factor 4.1 Characteristics of MTPA Operating Point In Section 3.2, it is stated that the MTPA operating point, inflection point β P , is closely related to the three states shown in Table 2 . Similarly in this section, discussions are proceeded considering the three states. First, the magnitude of the torque at the MTPA operating point is discussed referring to Fig. 10(a) and (b) .
In state I, the flux barrier does not function as a magnetic obstruction since the bridge acts as an auxiliary magnetic path for the d-axis. In this case, the saliency, that is equivalent to the difference between u(I, 0) and u † (I, π/2), is small, and |∂u † /∂β| is small as well. In other words, based on Equation (19), the torque per unit current becomes small, and that causes an increase in the proportion of the copper losses with respect to the output. Therefore, the width of the bridge should be made as narrow as possible in order to minimize the appearance of state I.
In state II, since u † (I, π/2) decreases due to magnetic saturation in the bridge acting as the d-axis magnetic path, the saliency and |∂u † /∂β| increases. Then the torque per unit current increases as well. In state III, |∂u † /∂β| and the saliency decreases again, since u † (I, 0) decreases due to magnetic saturation of the main magnetic path aligning the q-axis. Therefore, the torque per unit current reaches a maximum in the vicinity of boundary Y. On designing a SynRM motor, it is desirable to design the construction of the motor such that the most frequent operating point falls near boundary Y.
Next, the MTPA operating point β P is discussed. In cases in which the saliency does not vary, which means L d and L q are constant, the value of β at which T reaches a maximum in Equation (6) is constant at β P = π/4. However, in reality, the saliency varies due to magnetic saturation, and β P changes as shown in Fig. 5 .
In state I, since I is extremely small, the motor is affected by the initial magnetization characteristics of the iron core, that is the characteristics of H<100 in Fig. 4 . When I is increased from 0 on β = π/2, that means increasing the d-axis current, H becomes larger in the bridge, where the magnetic flux is concentrated. Due to the initial magnetization characteristics, the magnetic permeability increases beyond approximately 100 A/m, and the magnetic flux becomes to be able to flow more easily with increasing H. This property is appeared as u † (I, π2) increases temporarily in the vicinity of I = 0.3 as shown in Fig. 11(b) . Therefore, the d-axis current should be reduced in order to increase T since the saliency decreases with increasing u † (I, π/2). In other words, in the initial stages of state I, β P decreases as I increases and drops below π/4, so that the proportion of the d-axis current is reduced. When I increases even further, magnetic saturation begins to occur in the bridge, and u † (I, π/2) decreases again. On this stage, β P approaches π/2, the proportion of the d-axis current becomes larger, so that the d-axis magnetic saturation is expanded in order to increase the saliency. In this way, since the permeability varies drastically over an extremely small region of H in the initial magnetization characteristics, β P exhibits a sharp change with respect to I in state I. Note that since the actual iron core show hysteresis characteristics, the operating point is not necessary located at the initial magnetization characteristics. Therefore, in order to perform a strict analysis, the hysteresis and the residual magnetization must be taken into consideration, and conducting a qualitative study is not a simple matter. However, state I is almost never used in practical applications since the saliency is extremely small as described earlier.
In the initial stages of state II, β P is at a value near π/2. As I increases, the bridge acting as the d-axis magnetic path becomes saturate sufficiently. Then u † (I, π/2) becomes to stay almost constant, and the saliency begins to exhibit almost no change. Therefore, β P approaches π/4 that is the MTPA operating point for the case with the constant saliency.
In state III, as I increases, magnetic saturation also occurs in the main magnetic path aligning the q-axis, and the saliency becomes smaller due to decreasing in u † (I, 0). Therefore, since the torque can be increased by mitigating the magnetic saturation in the q-axis, β P increases as I increases so that the proportion of the q-axis current decreases.
As described above, the current phase β P that forms the MTPA operating point varies greatly depending on the magnetic saturation state. When the motor is operated at high SynRMs Based on Their Magnetic Energy Properties Katsutoku Takeuchi et al. Table 3 . Variation of each parameters to the current angle β Fig. 15 . Characteristics of active power P, reactive power Q, and power factor cos ε as function of current angle β torque with a large current, it should be noted that β P deviates a large amount from π/4.
Characteristics of Maximum Power Factor Operating Point
Since u and u † decrease monotonically with respect to β as shown in Fig. 9 and Fig. 10 , their sum u + u † decreases monotonically with respect to β as well. On the other hand, ∂u † /∂β is convex downward, and reaches its minimum at β P . These properties are summarized in Table 3 . As considering the fact that u + u † is always positive and ∂u † /∂β is always negative excepting β = 0, π/2 at which ∂u † /∂β = 0, the ratio of ∂u † /∂β to u + u † is convex upwards with respect to β, and reaches a maximum, a negative value, between β P and π/2. Since the inverse tangent function is monotonically increasing with respect to its variable, the current phase β PF at which ε reaches a maximum, that means the maximum power factor, in Equation (19) has the following characteristics in state II and III as practical operating points. Figure 15 shows the relationship between P(∝ ∂u † /∂β) and Q(∝ u + u † ) schematically. The figure shows that the maximum power factor operating point exists at a leading phase against the MTPA operating point. In the high-speed operating region, which is subject to voltage constraints, a higher output can be obtained by advancing the current phase with respect to the MTPA operating point.
Conclusion
The representation for the torque and power factor of a SynRM is derived using magnetic energy and co-energy. Since equations of the representation are simpler than equations on conventional analysis derived using the equivalent circuit, it is possible to analyze the torque and power factor characteristics relatively easily even for SynRMs that exhibit complicated magnetic saturation characteristics.
A SynRM, which is composed of a combination of the stator from the D model (PMSM) provided by the Institute of Electrical Engineers of Japan, and a multi-flux barrier type rotor, is introduced as the target model of our investigation. The magnetic energy and co-energy of the motor are calculated numerically by using magnetic field analysis and their properties are investigated. As the results, it is shown that the SynRM has the following characteristics.
• The SynRM characteristics can be divided into three states; state I, in which any magnetic saturation does not occur; state II, in which magnetic saturation occurs in the bridge; and state III, in which magnetic saturation occurs in the main path.
• The torque per unit current (∝ |∂u † /∂β|) reaches a maximum in the vicinity of boundary Y between state II and III (Fig. 10 ).
• In state II, the current phase β P that forms the MPTA operating point decreases as the amplitude of the current increases. In state III, β P increases as the amplitude of the current increases.
• The relationship in Equation (22) holds for β P and the current phase β PF at which the power factor reaches a maximum. It is possible to perform a qualitative analysis of the characteristics of the MTPA and maximum power factor operating point by analyzing the magnetic energy and co-energy using the method proposed in this paper. This method is effective for analyzing the characteristics of SynRMs, which are more easily affected by the magnetic saturation compared to other types of motors. The proposed method can be used to analyze a variety of nonlinear phenomena caused by the magnetic saturation in addition to the characteristics investigated in this paper.
